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Abstract. Stochastic acceleration of particles under a pressure balance condition

5 spectra observed under many different conditions

can accommodate the universal p~
in the inner heliosphere. In this model, in order to avoid an infinite build up of
particle pressure, a relationship between the momentum diffusion of particles and the
adiabatic deceleration in the solar wind must exist. This constrains both the spatial
and momentum diffusion coefficients and results in the p~3 spectrum in the presence of
adiabatic losses in the solar wind. However, this theory cannot explain the presence of
such spectra beyond the termination shock, where adiabatic deceleration is negligible.
To explain this apparent discrepancy, we include the effect of charge exchange losses,
resulting in new forms of both the spatial and momentum diffusion coefficients that
have not previously been considered. Assuming that the turbulence is of a large-scale
compressible nature, we find that a balance between momentum diffusion and losses
can still readily lead to the creation of p—®
in the outer heliosphere.
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1. Introduction

Within the heliosphere and beyond, particles with energies above their expected thermal
energies, so-called suprathermal particles, are ubiquitous. Data from ACE [Fisk and
Gloeckler, 2012] and Wind [Dayeh et al., 2009] among others demonstrate that their
spectra commonly take a form close to f o< p~>, where f is the isotropic phase space
distribution function and p is the particle momentum. This spectrum is found both
in quiet time and disturbed conditions, near and far from shocks, and in the inner
and outer heliosphere. This implies that such a spectrum is independent of local plasma
conditions, and that a theory which is not sensitive to the local environment is necessary.

As these tail particles are observed both in quiet times and in more extreme
conditions [Fisk and Gloeckler, 2012], their acceleration is typically attributed to a
stochastic process. Various stochastic theories have been considered in the literature
as possible explanations for the origin of these tail particles. Omne of the primary
difficulties in any application of a stochastic theory is the treatment of spatial diffusion.
In some instances, spatial diffusion is neglected or considered unimportant compared
to other transport processes [Zhang and Schlickeiser, 2012]. In other models, spatial
diffusion is treated in an atypical manner. For example, in a series of papers by Fisk
and Gloeckler [Fisk and Gloeckler, 2006, Fisk and Gloeckler, 2007, Fisk and Gloeckler,
2008, Fisk and Gloeckler, 2009, Fisk et al., 2010, Fisk and Gloeckler, 2012, Fisk and
Gloeckler, 2013, Fisk and Gloeckler, 2014], a pump mechanism is developed, where tail
particles gain their energy from a continuous “pumping” of energy from core particles.
This approach naturally leads to the creation of p~ spectra; however, it requires
approximating spatial diffusion by a loss term of the form —f/7g, where 75 is the
escape time from a compression region. The validity of this approximation has been
discussed in the literature (e.g. [Jokipii and Lee, 2010]).

Recently, a new approach has been adopted by several authors, a so-called “pressure
balance” condition [Zhang, 2010, Zhang and Schlickeiser, 2012] [Antecki et al., 2013].
As particles stochastically accelerate in the presence of turbulence, their bulk pressure
increases. As this turbulence is a finite source of energy and particle pressure, the
process cannot continue indefinitely. However, if the increase in particle pressure is
“balanced” by a source of pressure reduction, such as adiabatic deceleration, then
momentum diffusion can be sustained. If we assume that underlying processes for
the excitation and dissipation of plasma turbulence constrain the relationship between
spatial and momentum diffusion in the presence of adiabatic losses, this condition allows
us to determine the particle spectrum.

As an example, consider one of the first applications of this pressure balance
condition [Zhang and Schlickeiser, 2012]. Here, the authors considered the stochastic
acceleration of particles in a bi-modal plasma, consisting of regions of compressible
turbulence and particle acceleration, and regions of no turbulence and no acceleration.
Neglecting spatial diffusion, but including charge exchange losses, and assuming a
momentum diffusion coefficient of the form D(p) = Dyp? , the pressure balance condition
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allows for an estimation of Dy. Under many different circumstances, this leads to
the creation of momentum power law spectra in both the turbulent and non-turbulent
regions with power law indices of —5.

This pressure balance condition between momentum diffusion and adiabatic cooling
was also applied in [Antecki et al., 2013], herein referred to as ASZ2013. For the first
time, pressure balance was applied in the presence of spatial diffusion, albeit in the
absence of losses. Once again, this resulted in the creation of power law spectra with
spectral indices of —5 at large momenta. However, as was discussed in ASZ2013, this
pressure balance cannot be sustained in the outer heliosphere, where adiabatic cooling
is considered negligible.

While charge exchange losses have been included in [Zhang and Schlickeiser, 2012]
and spatial diffusion has been included in [Antecki et al., 2013], both effects under
pressure balance have not been considered together in the literature. It is the purpose
of this paper to examine the role of both processes on the resulting spectrum and, in
particular, the presence of suprathermal tails past the termination shock.

2. Pressure Balance

Assuming a constant solar wind speed Vj, a suitable spherically symmetric transport
equation for particle acceleration in the presence of turbulence is given by

of _of 2o of 10 [, Of N f
Gy —a—pﬂm(?“ ar)+—za—p( a>+Q__L (1)

where k(p,r) and D(p,r) are the spatial and momentum diffusion coefficients
respectively, Q(r,p) is a source term and 7.(r,p) is the timescale for losses, which
we assume to be caused only by charge exchange. If we assume that the turbulence
is composed of magnetosonic waves then, in the case of an infinite correlation time,

momentum diffusion is maximised when both diffusion coefficients are related by [Zhang

and Lee, 2013]
V2p2
D C— 2

where V, is the compressional wave speed. This form of momentum diffusion coefficient
is reasonable as it follows the same D o p?/x dependence as adopted by other authors
(e.g. [Jokipii and Lee, 2010], equation 20 therein).

In a co-moving frame away from possible particle sources and in an environment
where both spatial diffusion and losses are considered unimportant, steady state
solutions are obtained by solving

2va of 5ot
0p+28p( 329) ! ®)

If D(p,r) = Dop*/r, i.e. k(p,r) < r by equation (2), then this equation has power
law solutions of the form f o p®, where a = —(3 + 2V,/3D,). A particular value for a
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therefore requires motivating the scaling of kK o< r and an implicit relationship between
Dy and V. These can be motivated by considering how the particle pressure evolves
with time.

2.1. Particle Pressure

The particle pressure P(r,t) is related to the particle distribution function f(p,r,t) by

47

Pt = o [ 500y ()

Multiplying equation (1) by 47p*/3m and integrating over momentum, we obtain the
following pressure equation
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(T w(r) 8?") + 3k(r) o 7,(7) (5)
where P, is the contribution to the pressure from the injected particles and we have
assumed that both the spatial diffusion coefficient and loss timescale are momentum
independent. Let us now consider the growth rate of the pressure by inserting a solution
of the form P oc €. This results in the following equation for ~y
10V, 2V2 1

— +

3r 3&(07’) B 71(T) (6)

’y:

With underlying processes of turbulence excitation and damping by the energetic
particles and the background plasma we look for solutions where the pressure does not
grow arbitrarily large and where v = 0 - the “pressure balance” condition. Equation
then relates the diffusion coefficients to the loss timescale

V2r *Vs 3r
() 5V + 3r/271 (p.r) =5, ( + 101/0@) (7)

where we have used equation (2) to obtain the momentum diffusion coefficient. For the
case considered in equation (3), the momentum diffusion coefficient is reduced to the
form D(p,r) = Dop?/r where Dy = V;/3. This coefficient has the required spatial and
momentum diffusion dependence to result in power law spectra and, upon inserting this
Dy into our equation for the power law index a, we obtain a spectral index of —5. This
result has been explored in further detail in [Zhang and Lee, 2013].

2.2. The Inclusion of Convection, Spatial Diffusion and Injection

This seemingly general result was found in the absence of convection, spatial diffusion,
particle injection and charge exchange losses. The inclusion of each of these mechanisms
could lead to significant deviation in the spectral index or indeed a change in the spectral
shape entirely. As was briefly mentioned in Section (1), ASZ2013 solved the more general
equation (1), albeit in the absence of losses. Using the diffusion coefficients of equation
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(7) in the case with no losses (7, — 00), the final form of the steady-state transport
equation used in ASZ2013 is given by

af  2Vy Of V2 0 ( ,0f Wwlo [ ,0f
Vo= = —p= £ — - —— - 8

Oor 3rp8p+5V0r287" " or +37“p28p b dp +e (®)
This equation was then solved analytically in ASZ2013 using the scattering time method

[Schlickeiser, 2002], to be discussed further in Section (3). For a sensible choice of spatial
boundary conditions (an inner reflecting boundary due to the strong magnetic field and
an outer free escape boundary due to the weak magnetic field), and if the following
conditions are satisfied

r 2
| =) > max min My>1 9
n(Tmin> 5Mi—2 T >r A ( )

where 7yay and rpi, are the maximum and minimum radii respectively and M4 = V4/ V.

is the solar wind Mach number, then this equation retains the p~> solutions at large
momenta, with steeper spectra found at lower momenta (see ASZ2013, equation 114
and Figures 1 & 2 therein).

However, this method must be modified when applied past the termination shock,
where adiabatic cooling is considered a negligible affect. Instead, we include the
possibility of losses due to charge exchange, a mechanism considered important in the
outer heliosphere (see [Zhang and Schlickeiser, 2012], Figure 9 therein). The pressure
growth factor v (and therefore the diffusion coefficients) will be modified with the
addition of losses, resulting in the possibility of further spectral changes. In the next
section, we will modify the theory of ASZ2013 by including a loss term. In Sections
(4) and (5), we then use this model to determine the resulting spectra in the inner and
outer heliosphere respectively.

3. The Inclusion of Charge Exchange Losses

We now return to solving the more general transport equation that includes losses, given
by equation (1). With diffusion coefficients given by equation (7), the full transport
equation now takes the form

of  ,of 2 df & V2 0 3 g}

o % T 3 Pop T avRar | T4 3r/(10Ver,) Or
N Vo(1+3r/(10VT)) 1 0 ( ,0f
3r p? Op p dp

Before attempting to solve equation (10), we wish to analyse the relevant timescales of

+o-L ()

TL

each term within it, namely those of convection, adiabatic deceleration, spatial diffusion,
momentum diffusion and losses. These are given by

r 3
7 AT g (11)

3r 3
=5M; (1 = 12
TS A( + 10VoTL) TC ™ 1—|—3r/(1OVOTL)TC TL (12)

TC
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respectively. As we are interested in comparing the timescales of each mechanism, and
as it is only the loss term that we have not written in terms of 7o, we recast it for later
convenience as

T, — 3X )TC (13)

10(1 —

or, in terms of x
1

1+ 37 C / 107 T
which is equivalent to implying that 7, oc r. With this spatially dependent choice of 7,

X = (14)

we once again obtain x = kor and D = Dyp?/r diffusion coefficients and therefore each
term in equation (10) remains in Cauchy-Euler form. Our choice in the scaling factor
has been selected for comparative reasons. In terms of y, the diffusion coefficients are
given by k = xkasz and D = Dagy/x, where kasz and Dygy are the diffusion coefficients
of equation (7) in the absence of losses used in ASZ2013. Hence, only the magnitude of
the diffusion coefficients are changed in comparison to those of ASZ2013. The quantity
X is a free parameter which allows us to solve the transport equation for different loss
times. In other words, for a loss time that is proportional to r, our analysis is different to
that of ASZ2013 in two ways: a changing in the magnitudes of the diffusion coefficients,
and the inclusion of a loss term. The timescales now read as

r 3 5M?3

Vo 2

3
TC To ™ = 3XTC T = X )TC (15)

10(1 — x
Again, before solving the general transport equation of equation (10), we wish to
solve for an equation similar to that of equation (3) but including losses, namely

2V, g+1a(2Dg) f

=29 - L — 1
3rp8p p? Op ap TI 0 (16)

Using the momentum diffusion coefficient of equation (7) and the loss timescale of
equation (13), we once again obtain power law solutions with indices of —5 that are
independent of the value of x. In other words, no matter what the charge exchange loss
rate is, the pressure balance condition adjusts the rate of momentum diffusion in such
a way as to retain p~® spectra in all instances.

However, as in the case with no losses discussed in Section (2.2), this spectrum will
be altered by the inclusion of convection, spatial diffusion and injection. With diffusion
coefficients given by equation (7) and a loss timescale given by equation (13), the more
general steady state transport equation we wish to now solve is given by

af 2% af  V2x 0 <38f)+ V10 <4g)+Q(rp)_1ovo<1—X)

o = 3 Pap Tsvirtor " or ) Ty 2op \P o ST

f
(17)
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3.1. The Scattering Time Method

Assuming that the injection term is separable, Q(r,p) = ¢1(r)g2(p), we can rewrite
equation (17) as
3rxqi(r
L1 + £pfrp) = =X ) (18)
where 2 4 d p
X 3
.= B V11 1
£ 5M3r drr dr 3TXdr o X) (19)
is the spatial operator acting on f and
d 1 d d
L,=2xp— + —— | p*— 20
PP T (p dp) (20)

is the momentum operator. Note that the loss term, being independent in both space
and momentum, could equally have been placed in the £, operator, with the same results
following. Equation (18) can be solved using the “scattering time” method. According
to this theory, for suitable boundary conditions in space and momentum, this equation
can be solved with a solution

frp) = [ Hp MG (21)
where H(p,u) satisfies
%—Z —L,H (22)
with
H(p,u=00)=0 H(p,u=0) = g(p) (23)
and M (r,u) satisfying
%—Aj = L,M (24)
with
M(r,u = o0) = 0 M(r,u=0) = %{jm (25)

Since L, is of Sturm-Lioville form, M (7, u) can be expanded into an orthonormal system
[Arfken, 1970]

M(r,u) = Z c;M;(r)e " (26)
where \; are the eigenvalues of this spatial operator and ¢; are the expansion coefficients.
Thus, inserting equation (26) into equation (21), we obtain

flr.p) =) ciMi(r)Ri(p) (27)

i
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where we have defined -
Rip) = [ dutt(pue (28)
0

Therefore, in order to obtain the particle distribution f(p,r), we need to determine
four quantities: the momentum components R;(p), the spatial components M;(r), the
eigenvalues ); and the expansion coefficients ¢;. In Sections (3.2), (3.3) and (3.4), we
calculate each of these quantities in turn, before analysing the full solution of equation
(27) in Section (3.5).

3.2. Calculating the Momentum Components

Combining equations (22), (26) and (28) with the initial condition of equation (23), we
obtain the following “leaky box equations”

ﬁpRi(p) — AiRi(p) = —qa(p) (29)

Inserting £,, we recast into the following self-adjoint form

d (45 dR; )
e D )\z +2x , — _2+2x
W (p = P XR;(p) = —p*Xqa(p) (30)

This equation can be solved using Green’s functions (see (Appendix A)), with solutions

Ri(p7pl) =

mi—(x+3/2)  f <
Qo {(p/pz) or p < py (31)

2/J/1p[ (p/pl)_#i_(x+3/2) for p 2 pI

=1+ 2) a2

and we have also assumed that injection is mono-energetic, i.e. g2(po) = Qod(p — pr).

where we have defined

In the case with no losses, i.e. x = 1, we obtain

25
n; = Z + A (33)

which agrees with equation 44 of ASZ2013.

3.3. Calculating the Spatial Components and Figenvalues

Combining equations (26) and (24) gives us the following equation for the expansion
coefficients M;(r)

Inserting our expression for £, and rearranging, we obtain

d*>M; dM;
2 1 . 2 1 A . —
o e+ Mi(r)=0 (35)

r




Charge FExchange Losses and Stochastic Acceleration in the Solar Wind 9

where we have defined

3 5Mfl 5M3Xf‘
= = —1 AZ = L 36
=3 ( ) 3x? (36)

and we have shifted the eigenvalues to A} = \; — 10(1 — x). This equation is the same
as that obtained in ASZ2013 (equation 61 therein), but with redefined expressions for
both n and A;. Adopting the same boundary conditions as used in Section (2), and if
the following conditions are satisfied

2

1n(rmax/7ﬂmin> > EMf‘——Q Tmax -2 Tmin MA >1 (37)

we obtain (see (Appendix B)) spatial coefficients of the form

M) = ayr"™ 2 sinh[Y In(rypay /)] i =1 (38)
bir" V2 sinfy; In(rpa /7)) 1> 1
and shifted eigenvalues
3y2 5 2 - 5M2%/x—2
X (2mz—2) (2 i=1
Vo dM3 \ x Tmax
) 3 | 1 2 5M3 1 .
(i —1)>2x2 |1 A_q > 1
A Gl L8 e e | R € Z
(39)
where we have defined
r —(142n)
W (n+1/2) 1—2(??") (40)
(t—1D)m |1+ L  =2.3 (41)
Vi = (1 — 1) 1=2,9...
(7 +1/2) In("max/Tmin)

3.4. Calculating the Expansion Coefficients

Finally, according to equation (27), we need to calculate the expansion coefficients ¢; in
order to obtain the distribution function (Note that we will absorb the constants a; and
by from equation (38) into these coefficients.). As the M;s form an orthonormal system,
they satisfy the orthonormality condition

/ r*2(”+1)Mm('r’)Mn(7”) dr = 3,0m.n (42)

Tmin

where ,
o= [T g ar (43)

Tmin
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This relation, coupled with the initial condition given by equation (25), allows us to
obtain the following expression for the expansion coefficients

3X [T o
(A M; 44
a= s [ M) (44

min

For comparative reasons, we also adopt the spatial injection term used in ASZ2013,
where they assume pick-up ions are injected in an outer ring distribution of the form

q(r) = H[r —r|Hry — 1] (45)

where 71 = 0.57max and 79 = 0.97,., and H[n] is the Heaviside step function. (This
assumption will be relaxed in Sections (4) and (5).) Thus, upon inserting this injection
term and the M;s from equation (38) into equation (44) and integrating, we obtain for
the expansion coefficients

-1

3X 2 ( 1 ) 2 _1
o =—"- — - = 212 cosh (e In 2
T [wl n=5) | {27 cosh(i n2)

_ (77 — %) sinh (¢ In 2)} — %n—g [1/)1 cosh (1/11 In %)

_ (?7 _ %) sinh <w1 In %)] } (46)

where  Sinh[20; (/)]
ji= " = 5 I0("max/Trnin) (47)
and for i =2,3...
3x 1\? o 1 1
¢ = Vo3 v? 4 (77 — 5) ] {2”2 {(n — 5) sin(v; In 2) — y; cos(v; In 2)1
_%né {(7] — %) sin (Vi In %) — V; COS (yi In %O>] } (48)
where

sin[2v; In(7max /Tmin )|
4V1i

(49)

1
ji = 5 ln(rmax/rmin) -

3.5. Final Distribution Function

Hence, by equation (27), with R;(p) given by equation (31), M;(r) given by equation
(38) and ¢; given by equations (46) and (48), we obtain the following spectrum

fpr) = 20 3 i {(P/pf)“i(”?’/z) for p < py (50)

205 (p/py) O for p > py

i
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3.5.1. Analysing A} At high momenta, where the contribution from \; may dominate
over the other eigenvalues if the first expansion coefficient ¢; is large enough, we must
have that

3\? 3
,Ulz\/(X‘i‘é) +AT+10(1—X)—|—X—|—§:5 (51)

if we wish to obtain a p~ spectrum. Upon rearranging, this implies that the value for
A7 must be
A1=0 (52)

Hence, according to equation (39), for a particular choice of y, i.e. for a particular loss
rate, the following condition

2 /x—2
3X2 5 2 2 T'min 5MA/X
— | =Mz —2 1 53
M3 (X 4 ) Pmax < (53)

must be satisfied to obtain a spectral index of —5. ASZ2013 have demonstrated that,
for x = 1, this conditions is indeed true. To see if this condition is still true for xy # 1,
i.e. whether it is still true with the inclusion of losses, we look at three different loss
timescales: a long, similar and short timescale in comparison to the convection timescale
T¢. In particular, we calculate equation (53) when the loss timescale 77, is equal to 107¢,
Tc and 0.17¢, corresponding to values of x equaling 0.97, 0.77 and 0.25 respectively. For
each of these loss times, by equation (39), we obtain

Long Timescale [, = 107¢ (x = 0.97)]: A} =6.96 x 1077 < 1
Similar Timescale [1;, = 7¢ (x = 0.77)]: \} =2.69 x 107 <« 1
Short Timescale [r;, = 0.17¢ (x = 0.25)]: A} =8.66 x 1073 < 1

where we have adopted the same value of M, (= 1.35) that was used in ASZ2013.
This value of M, corresponds to very strong turbulence. If we instead choose a larger
Mach number, i.e. weaker turbulence, condition (53) becomes even more satisfied. How-
ever, the first expansion coefficient ¢; becomes smaller, meaning that the momentum
at which the spectral index relaxes to —5 occurs at a momentum that is much larger
than observed. In other words, this choice of Mach number is a best-fit value to match
on to the observed spectra. For this choice of Mach number, no matter what the loss
timescale is, if we assume )\; dominates over the other \;’s, a p~® spectrum is always
achieved at large momenta.

3.5.2. Analyzing \is, i = 2,3... To see what affect the addition of the other A’s has
on deviating the spectral index from —5 at low momenta, we for clarity list the first 10
Afs, p;s and a;s for different loss times in Table 1, where we have recast the expansion

coefficients via )
. ‘/O,rmaxn_§

a; = TQ’ (54)
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and have defined the spectral power law index as pf = p; + x + 3/2. In Figures 1 and
2, we have plotted the the resulting spectra with the inclusion of the first 100 A;’s etc.
both inside and outside the source distribution for different loss rates. Note that we have
normalized each spectrum to have the same value at the injection momentum in order
to easily compare each spectral index to —5, i.e. we have normalised each spectrum as

207V f(m — 00,p = pi)

F(p) = 30, Fop =1 f(p) (55)

10-10 -
Antecki (TL — 00)
— T =107
o . 4151 L c -
T 10 )
"¢
2 T = 0.1 Te
107 1 N 7
— — —(plp)®
10_25 i T
10_30 1 1 1 1
1072 10° 10 10%

plp,

Figure 1: The steady state momentum spectra at r = 0.7r,;, for four different loss
times, as determined by equation (50). Each spectra has been normalised according to
equation (55). The first 100 eigenvalues and expansion coefficients have been included.
Also plotted is a F o< p~2 spectrum for comparison.

Inside the injection zone (Figure 1): Above the injection momentum, all spectral
indices are harder than —5 at low momenta. However, with increasing loss rate, the
spectra are softer, resulting in spectra closer to p~°. At larger momenta, the contribution
from ¢ > 1 eigenvalues become less important and the spectra soften back towards a —5
index, as is evident with the blue and red spectra. According to Table 1, as both the
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10'10
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Figure 2: The steady state momentum spectra at r = 0.15ry;, for four different loss
times, as determined by equation (50). Each spectra has been normalised according to
equation (55). The first 100 eigenvalues and expansion coefficients have been included.
Also plotted is a F o< p~° spectrum for comparison.

expansion coefficients a; become larger and the spectral indices p} become softer with
an increasing loss rate, we expect this softening back to —5 to occur at larger momenta
as the loss time becomes smaller. This is evident in Figure 1, where both the green and
pink spectra have not softened within our momentum range. As expected, this softening
occurs at a much larger momentum for both spectra - see Figure 3.

Outside the injection zone (Figure 2): Below the injection momentum, we find a more
complicated spectra than was evident inside the injection zone. However, with an
increasing loss rate (i.e. as losses begin to dominate), a return to a power law shape is
found. Above the injection momentum, we once again find spectra that are harder than
—5 at low momenta. As was the case inside the injection zone, the spectra for both the
case of no losses and a long loss time soften back towards a —5 spectral index, with the
softening for the remaining spectra occurring at momenta above the plotted momentum
range. However, this softening appears to occur at a lower momentum than was the
case inside the injection zone.
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T, — OO 7, = 107¢
) AT T a; AT Ty a;
1 [129%x10% 500 1.16x107°| 6.96x 1077 5.00 7.31 x10°°
2 8.25 6.31 1.27 8.06 6.27 1.33
3 20.53 7.67 —0.28 19.53 7.56 —0.30
4 40.99 9.37 —0.11 38.66 9.18 —0.13
5 69.62 11.21 0.30 65.44 10.95 0.33
6 106.45 13.12 —0.31 99.87 12.78 —0.32
7 151.45 15.06 0.11 141.95 14.65 0.11
8 204.64 17.02 —0.03 191.68 16.54 —0.01
9 266.01 19.00 —0.17 249.06 18.45 —0.18
10 335.56 20.99 0.13 314.09 20.37 0.14
TL = TC 7. = 0.17¢
) AT T a; AT o a;
1 269%x107% 5.00 1.11x1077|8.66x 1073 5.00 0.02
2 7.00 6.07 2.00 6.32 5.86 947.47
3 13.83 6.88 —0.63 6.96 5.94 —747.71
4 25.21 7.99 —0.33 8.03 6.06 —109.16
5 41.15 9.24 0.66 9.52 6.23 742.30
6 61.64 10.58 —0.53 11.44 6.44 —586.93
7 86.69 11.97 0.10 13.79 6.68 —29.19
8 116.29 13.39 0.17 16.56 6.96 511.79
9 150.44 14.83 —0.39 19.77 7.26 —494.34
10 189.14 16.29 0.25 23.39 7.58 91.44

Table 1: Spatial eigenvalues \;, spectral indices ;] and normalised expansion coefficients
a;, as defined in equation (54), for different loss times, where we have assumed M, = 1.35

and pax = 10750

Contrary to the spectra inside the injection zone, it would appear that the spectral
indices harden with increasing loss rate, as is evident by both the green and pink
spectrum. As 7g > 71, for all values of y, particles are diffusing out of the injection
zone slowly. Therefore, losses are of greater importance outside the injection zone,
resulting in the hardening of the spectra with an increasing loss rate.

In Figures 4 and 5, we have plotted the radial profiles at momenta both above and
below the injection momentum, where we have once again included the first 100 \;’s.
For these spatial plots, we have normalized the spectra as

207 2,

F(T)—TQOJC(T) (56)
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Figure 3: The steady state momentum spectra at r = 0.7ry;, for four different loss times,
as determined by equation (50). The momentum range has been expanded compared
to Figure 1 so as to show the softening of the green and pink spectra respectively. Each
spectra has been normalised according to equation (55). The first 100 eigenvalues and
expansion coefficients have been included. Also plotted is a F oc p~® spectrum for
comparison.

Above the injection momentum (Figure 4): In all four cases, as we would expect, most
particles are found at large radii, both due to the placement of the injection zone and
due to the reflecting boundary at the minimum radius. With an increasing loss rate, the
intensity of particles increases. This is perhaps a counter-intuitive result, as we would
expect there to be less particles if there are more losses. However, the loss time also
affects the magnitude of the momentum diffusion coefficient due to our pressure balance
condition. Hence, we would expect particle acceleration to be enhanced with increasing
losses and therefore more particles to be present above the injection momentum. Also,
with increasing losses, the maximum intensity appears to be increasing to higher radii.

At small radii, the distribution appears to be negative, which is of course not
possible. This abnormality is also found in ASZ2013 (Section 6 therein) and is due to
the Gibbs phenomenon. According to this theory, the eigenfunction series of a sharp
discontinuity can both undershoot or overshoot, creating this artifact. Our choice of
spatial injection term of equation (45) falls under this category, resulting in the observed
undershooting at small radii.

Below the injection momentum (Figures 5): In these cases, the opposite affect appears
to be occurring. As we increase losses, i.e. remove energy from the system, pressure
balance can be sustained if particles are accelerated to energies above the injection
momentum. This, in turn, will lead to less particles and therefore lower particle
intensities below the injection momentum. However, as was the case above p;, the
maximum intensity once again shifts to larger spatial distances with increasing losses.
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Figure 4: The steady state radial profiles at p = 100p; for four different loss times, as
determined by equation (50). We have separated the 7, = 0.17¢ case as the amplitude is
much larger than the other profiles and plotting it in the same figure would suppress the
features of the other profiles. Fach spectra has been normalised according to equation
(56). The first 100 eigenvalues and expansion coefficients have been included. The
Gibbs phenomenon is observed at r/ry;, ~ 2 — 4.

We have shown that the inclusion of charge exchange losses can alter the simplified
p~? spectrum further from that which is obtained in the absence of convection, spatial
diffusion and injection. However, to achieve these results analytically, numerous
assumptions were required. In the next chapter, we take a numerical approach, allowing
us to remove some of these assumptions and in turn apply our results to the heliosphere.

4. Application to the Inner Heliosphere

The analytical work of Section (3) has allowed us to demonstrate that a p~ spectrum,
as well as deviations from it, are indeed possible under this pressure balance condition.
However, in order to analytically solve the transport equation, as given in equation (10),
a number of key assumptions were made

e A constant solar wind speed (V = Vyr) throughout the acceleration region

e The spatial component of the injection term, as stated in equation (45), takes the
form qi(r) = H[r — r|H[r — ro]

e A spatially dependent loss time of the form 7 (r) o< r

A constant solar wind speed is considered a good approximation for the inner heliosphere
(in Section (5), where we look beyond the termination shock, this assumption will be
replaced by a V o 1/r? approximation). However, the final two assumptions shall be
replaced by more accurate approximations for the inner heliosphere to see what affect,
if any, it has on the steady state spectra. Other assumptions, e.g. spherical symmetry,
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Figure 5: The steady state radial profiles at p = 0.01p; for four different loss times, as
determined by equation (50). Each spectra has been normalised according to equation
(56). The first 100 eigenvalues and expansion coefficients have been included. The
Gibbs phenomenon is observed at 7 /ry;, ~ 2 — 3.

mono-energetic injection and of course the validity of the quasi-linear approach, we still
assume to be valid.

The form of the spatial injection term used in Section (3), namely that of equation
(45), was an approximation chosen so as to easily compare our results to those of
ASZ2013. In this section, we relax this restriction and instead use a the more accurate
spatial injection term for pick-up ions as given in [Chalov et al., 2004] (equation 10
therein), namely

(57)

_ BiENHso B;gAU?
Q(r)=—F5—exp|———

r? mVism
where ;g is the ionisation rate of hydrogen at 1 AU, ny. is the hydrogen density at
the outer radius and Vigy is the speed of hydrogen relative to the Sun.

Assuming losses are due to charge exchange, the spatial variation of the loss
timescale is well understood (see [Zhang and Schlickeiser, 2012], Figure 9 therein). A
timescale of the form 7;, oc r is well approximated for small heliospheric distances. At
even smaller distances, losses by charge exchange are considered negligible. At large
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distances, including past the termination shock, Figure 9 of [Zhang and Schlickeiser,
2012] infers that a constant loss time would be a more accurate approximation.
Therefore, a good approximation for the loss time by charge exchange in the inner
heliosphere is given by

00 0.01 AU <r <5 AU
(r) = 4 10° (10 1U> 7o 5 AU <r <10 AU (58)
10370 10 AU <r <85 AU

where 7¢o = 1 AU/Vj and the large loss time of 7, = 10374 corresponds to x & 0.9997.
We can combine these three types into one form, given by

o €{0,1}, x € {0.9997,1} (59)

T, —

3X r o1 AU
10(1 — x) <1O AU) Vo
where y = 1 refers to the first spatial range with no losses, y = 0.9997 & o = 1
represents the second range where 7, oc r, and xy = 0.9997 & o = 0 corresponds to the
third range of a constant loss time, where we have once again chosen the proportionality
constant so as to easily compare to the work of ASZ2013.

This more general loss time results in a new form of spatial diffusion coefficient

given by
VZ2rx
K(r) = 37 h(r) oe€{0,1}, x € {0.9997,1} (60)
0
where
r —o+1 -1
i) = {100 -0 (1550) ) (61

Once again note that when y = 1, this form of s reduces to that of equation (7). The
corresponding forms of both the spatial operator, as previously given by equation (19),
and the momentum operator, as previously given by equation (20), are

3X2h(7“) d 3 d d r —o+1
— X2 i | 1 2
L= ar " M0 gr ) ~ 3rxh(n) gy = 100A(r)(1 = X) (50) (62)
d 1d(,d
& =2+ 5o (1) (63)

However, note that the momentum operator is now, in general, no longer spatially
independent. Therefore, the scattering time method introduced in Section (3) can no
longer be applied. Instead, we solve the transport equation, given by equation (10), with
spatial and momentum diffusion coefficients given by equations (60) and (2) respectively,
numerically using the Gauss Seidel finite difference method (see (Appendix C) for
further details).

Figure 6 presents the resulting spectra at three different positions for a Mach
number M4 = 1.35. As the loss timescale is very long compared to other competing
process, we expect its inclusion to have little to no affect in changing the spectra from
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those found in ASZ2013. However, the spectra of Figure 6 appear to differ to those found
in ASZ2013 and Section (3); instead, the more complicated spectral structure previously
found is suppressed in favour of a more universal p~> spectra shape above the injection
momentum. This is caused primarily by to the choice of the spatial injection term.
If instead we had used the more accurate injection term of equation (57) in Section
(3), the features found would have been suppressed, particularly above the injection
momentum (see [Kenny, 2015], Figure 6.8 therein). Deviations from indices of —5 can
only be obtained for unlikely very small values of My, corresponding to very strong
turbulence - see Figure 7 where we have repeated the process for M, = 0.35.

10} A
10—15 |
10—20 B
=
T 107
60 AU
40 AU
107 20 AU
-5
— — —(plp)
10—35 B
-40 1 1 1 1
10 -2 0 2 4
10 10 10 10

pip,

Figure 6: The steady state momentum spectra at three different spatial distances within
the inner heliosphere for the choice of parameters described in Section (4), where we
have adopted M4 = 1.35. Each spectra has been normalised to the case of 7, — oo in
order to better compare the spectral indices. Also plotted is a F' oc p~ spectrum for

comparison.



Charge FExchange Losses and Stochastic Acceleration in the Solar Wind 20

F(p)

p/p,

Figure 7: The steady state momentum spectra at three different spatial distances within
the inner heliosphere for the choice of parameters described in Section (4), where we
have adopted M4 = 0.35. Each spectra has been normalised to the case of 7, — oo in
order to better compare the spectral indices. Also plotted is a F' oc p~° spectrum for
comparison.

5. Beyond the Termination Shock

In this region, where adiabatic decleration is considered neglible, we adopt the sensible
velocity profile [Zhang and Schlickeiser, 2012]

V(r) = Vo (85 AU

2
7 ) f 85 AU < r < 200 AU (64)

r

where R is the compression ratio of the termination shock (= 2), whose location we have
taken to be at 85 AU. The injection rate in this region is taken to be R ¢ (r = 85 AU)
[Zhang and Schlickeiser, 2012]. A sensible loss time of the form

85 AU
%

is chosen (see [Zhang and Schlickeiser, 2012], Figure 9 therein), which is a much more

1(r) 85 AU < r < 200 AU (65)

comparable timescale to the other timescales than was the case in the inner heliosphere.
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The corresponding diffusion coefficients obtained under pressure balance are given by

2‘/czrminR pQ‘/O

— Zfc min- D(p) = 210
T T T

Figure 8 shows the resulting spectra in the outer heliosphere. We have plotted only

(66)

one spectrum as the spectral shape and spectral index do not change with position
for the following reasons: the spatially dependent adiabatic deceleration term is no
longer present; the momentum diffusion coefficient is now spatially independent; and
the spatial injection term is uniform. Also, as both the convection and spatial diffusion
rates are slow compared to both momentum diffusion and losses, we expect to obtain
spectra close to that those that are obtained when solving

%3 <p2D8_f) _f 0 (67)
p? Op op) T

which, as with equation (16), has f(p) o< p~5 solutions under pressure balance that are
not dependent on the rate of losses. As long as momentum diffusion and losses are the
dominant mechanisms, then p~> spectra are prevalent. Once again, these spectra can
only be steepened by significantly reducing M, to unlikely values, thus increasing the
spatial diffusion rate - see Figure 9.

6. Conclusions

In order to explain the apparent universal p~ tails observed through the heliosphere,
we have appealed to stochastic acceleration as the possible explanation of their
existence. Many different forms of stochastic acceleration exist, depending on the
type of turbulence involved. However, [Zhang and Lee, 2013] have demonstrated that
if the turbulence is composed of small scale magnetohydrodynamic waves, stochastic
acceleration is not fast enough to overcome the affect of adiabatic cooling. Instead, we
have appealed to large-scale modes; in particular, fluctuations of a compressible nature.
This form of acceleration is maximised when both the spatial and momentum diffusion
coefficients are related via equation (7). Adopting a so called “pressure balance” concept
between momentum diffusion and adiabatic deceleration to obtain these coefficients, we
found that power law spectra with —5 spectra indices naturally arise throughout the
heliosphere in environments far from sources and where convection and spatial diffusion
are considered negligible.

As was seen in Section (3), the inclusion of both these mechanisms and charge
exchange losses can lead to a steepening of the spectra, particularly at low momenta.
However, for sensible choices of the free parameters, boundary conditions and injection
term, we found in Section (4) that these features are suppressed. Except for the
unlikely case of very strong turbulence, p~° spectra are still obtained above the injection
momentum.

If we only consider pressure balance between both momentum diffusion and
adiabatic cooling, it alone cannot explain the presence of the suprathermal tails in
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Figure 8: The steady state momentum spectra obtained at all spatial distances beyond
the termination shock for the choice of parameters described in Section (5), where we
have adopted M4 = 1.35. Also plotted is a F' o< p~ spectrum for comparison.

the outer heliosphere, where cooling is negligible. Instead, in Section (5), we considered
a balance between momentum diffusion and charge exchange losses. Again, for realistic
values of the the solar wind Mach number, p~® spectra are obtained in the outer
heliosphere, independent of both the loss rate and distance form the termination shock.

However, in order to obtain the spatial diffusion coefficient of equation (7), an
unlikely momentum independent spatial diffusion coefficient was assumed. Dropping
this assumption results in a complicated integro-differential equation for the particle
pressure. It would be interesting to see if a workaround could be found to obtain a
spatial diffusion coefficient that is both momentum and spatially dependent using this
notion of pressure balance.

We have also approximated the more exact spatial dependence of the loss time
as found in [Zhang and Schlickeiser, 2012], Figure 9 therein. However, if we assume
that losses are by charge exchange, then this loss time is also energy (and therefore
momentum) dependent (see [Zhang and Schlickeiser, 2012], Figure 2 therein). Once
again, this leads to similar problems in adopting the pressure balance notion as is found
with a momentum dependent spatial diffusion coefficient.
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Figure 9: The steady state momentum spectra at 180 AU for four different choice of
Mach number M, and for the choice of parameters described in Section (5), where we
have adopted M4 = 1.35. Each spectra has been normalised to the case of 7, — 0o in
order to better compare the spectral indices. Also plotted is a F' oc p~® spectrum for
comparison.

Also, again according to Figure 9 of [Zhang and Schlickeiser, 2012], the Mach
number M, is not spatially independent as we assumed; rather, it varies throughout
the heliosphere. However, as we discovered in Section (4), the resulting spectra are not
sensitive to this choice of M4 except in unlikely cases of very small values corresponding
to very strong fluctuations. We therefore do no believe the inclusion of a spatially
dependent Mach number will have much affect on our results.

One particular feature of the suprathermal tail that cannot be explained by our
theory is that of the observed step feature (see [Fahr and Fichtner, 2012] - Figure 1
therein). This sharp drop at the injection momentum has not been obtained in any of
our analyses. However, the bimodal treatment used in [Zhang and Schlickeiser, 2012]
naturally lead to the creation of this feature. It would also be interesting to see if a
bimodal approach to our work could also lead to the creation of this step feature.

Finally, we have applied this notion of pressure balance to only one particular
branch of turbulence, namely large-scale compressions, in only one particular setting,
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namely the heliosphere. An application of this notion to explain other unresolved
cosmic ray phenomena, both within the heliosphere and indeed elsewhere, may lead
to interesting insights.

Appendix A. Solving Equation (30) using Green’s Functions

We begin with the equations we wish to solve, namely equation (30)

d 412y dR; 242y 242y
—\ A — Al
e (p i Aip” "X Ri(p) P Xg2(p) (A1)

These equations can be solved using a Green’s function

Rilp) = [ doosd aalp0)Gilp o) (A.2)
0
where G(p, po) satisfies

d dG;

d_p (p4+2xd_p> B )‘ip2+2XGi = —4(p — po) (A.3)

We trial power law solutions to the above equations, namely that G;(p, po) = Ai(po)p™.
Inserting this into the above, we obtain a? + 5a; — A = 0 as the equations for the a;’s.
These equations have solutions a; = —(x + 3/2) + p; where u; depends on both \; and

i = \/(X%)zwi (A4)

Thus our Green’s functions solution are currently

X via

Ai(po)p*(x+3/2)+ui + Bz.(po)pf(x+3/2)*ui » < Do
Gi(p.po) = st Cers/o) (A.5)
Ci(po)p~ OF3/2T1 4 Dy(po)p~ XF3/D=mi - p > pg
If we use the following sensible momentum boundary conditions
f(r,p =0) = finite f(r,p—00)=0 (A.6)

i.e. that there are a finite number of particles with no energy and no particles with
infinite energy, then this implies that B;(py) = Ci(po) = 0. Thus our solutions are

reduced to

Gi(p, po) = Ailpolp” MBI p < o (A7)
7 yPO) — .
Di(po)p~XH3/D=ki - p > pg

(po)pg X/ PHH

We must also have continuity at p Do, implying that A;

Dz-(po)pO_(XHm_“i, i.e. that A;(po) Di(po)pam”. We also have a jump condition
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at p = py due to the singular behaviour at the discontinuity. Upon integration, this
condition implies that

o X[(—(x +3/2) — pi) Di(po)p~ X H3/D 7wt
— (=(x +3/2) + i) Ai(po)p~ X/t = —1 (A.8)

Inserting that A;(py) = D;(po)py ™ and rearranging, we obtain for both A;(p,) and
Di(po)

1 _ s 1 :
Ai(po) = 2u~p0 (X+3/2)—pi D;(po) = 2u-p0 (X+3/2)+pi (A.9)

Hence, the solution to equation (A.3) is given by

—(x+3/2) Hi
pp (p/po)* for p < po
Gilp.po) = PL T LW (A.10)
i (p/po)™" for p > po
Inserting this expression for G;(p, po) back into equation (A.2), we obtain
1 P X+1/2+p; [ X+1/2—p;
Ri(p) = W [p g /o dpopy g2(po) + p" /p dpopy g2(po) (A.11)

If we assume that injection is mono-energetic, namely that g¢2(py) = Qod(p — pr), we
obtain the following solution for R;

Qo | (p/pr) 032 for p < py
Ri(p,p1) = = e eiass (A.12)
2upr | (p/pr) i~ OH32) for p > p;
as required.
Appendix B. Solutions to Equation (35)
We begin with the equation we wish to solve, namely equation (35)
d?>M; dM;
r? 0 —2nr o + A M(r) =0 (B.1)

where we have defined both n and A; in equation (36). Recasting equation (B.1) with
M;(r) = r"E(r), we obtain
1\ 2
A — =
(1+3)

This equation is solvable as E(r) oc r¥ where k satisfies

(b))

’FE 1
r’—— 4+ -E+

E = B.2
dr? 4 0 (B2)
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Case 1: A; < (n+1/2)?

We are primarily interested in the smallest \;’s (which in turn is when A; < (n+1/2)%)
as these eigenvalues will dominate the spectrum at high momenta. Setting ¢? =
(n+1/2)? — A; > 0, the general solution to equation (B.2) is then

E(r) = rY2(ayr¥ 4 ayr™) (B.4)

To find a; and as, suitable spatial boundary conditions need to be chosen. We adopt
the same spatial range as is used in ASZ2013, namely a minimum value of ry and a
corresponding maximum value of 10ry. According to the Parker spiral model of the
solar magnetic field, a B(r) oc 1/r? spatial dependence is a suitable approximation for
the inner heliosphere. Hence, at the inner boundary where the magnetic field is strong,
a reflecting boundary of the form (dM/dr),, = 0 is a sensible choice. At the outer
boundary, where the magnetic field is much weaker, particles can more easily escape
the region, and therefore a free escape boundary (M(R) = 0) is chosen. The second

condition implies that
[ —a1R2¢ (B5)

from which we obtain

M;(r) = "2 (ayr? — a R r™Y)

= q; RVy"t1/? <E>_w — (E)w
g g (B.6)
= ay RVt {exp [—wln (?)] — exp [w In (g)] }
= alr"™ 2 sinh [y In(R/7)]
where a¥ = —2a; R¥. Thus
dé\fi = air"Y2{(n 4 1/2) sinh[¢p In(R/7)] — ¢ cosh[¢) In(R/r)]} (B.7)

and hence the first boundary condition implies that
2
tanh | In Byl 20 (B.8)
To 1 + 277

This transcendental equation has one unique solutions 1, and thus only one small A; is
obtained that satisfies A; < (n+ 1/2). If

In (E> > 2 (B.9)

To 1—|—277

an approximate solution to this equation is:

—(142n)
oA (+1/2) [1 _9 (5) ] (B.10)

To
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Since Ay = (n + 1/2)? — 92, we obtain by expanding 1)

Ar=(n+1/2)* = (n+1/2)? 1—4(7) +... (B.11)
0
—(1+2n)
~ (1+2n)° <—) (B.12)
To
and finally since \j = 8x?A; and n = 5M3%/(2x) — 3/2, we obtain for A}
3% (5, , % 1o\ 5SM3/x—2
N= oo (2 -2) (B B.1
L5Mj (x . ) R (B.13)

as required.

Case 2: N; > (n+1/2)?
The remaining \!s are calculated for A; > (n+ 1/2)%. Setting v = A; — (n+1/2)* > 0,
the solution to equation (B.2) is now given by

E(r) = r'2(bir™ + byr ™) (B.14)

Following the same procedure as in the previous section, the remaining M;s are

calculated as
M;(r) = br"™ 2 sin[y; In(R/r)] (B.15)

where b} = —2ibjR™. Once again, the first boundary conditions results in a
transcendental equation, this time of the form

2v

e (D)] = 122 e

However, this equation now has an infinite amount of solutions which, if condition (B.9)

is satisfied, are approximately given by

i=23... (B.17)

‘ 1
vir (i— 17 {1 + (n+1/2) IH(R/TOJ

Therefore, as A; = v? + (n+ 1/2)?, we obtain for the A;’s

A= (i—1)°*n° {1+ (n+1/2)11n(R/7"o)]2+ (n+%)2 i=2,3... (B.18)

and thus for the remaining A's

N 5% {(i U {1 e mm/mf ! (533 ) 1>}

i=23... (B.19)

as required.
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Appendix C. Solving Equation (1) numerically using the Gauss Seidel
Method

We begin with the equation we wish to write numerically, namely equation (1)

af af _ 2Vo 8f 2, Of 2 of f
—+ V== D - — C.1
ot + O or 6p T r2 8r R, or + P2 6p p-Dip.7) op +e 7.(r) (C.1)
We recast the variables into dimensionless quantities, as follows
- p=2 j=1Inp (C.2)
Tmin br

where the normalising values have their previous meanings. Thus, the steady state form
of equation (C.1) is now given by

Vo Of 2Vy Of 1 0|, . 0f _3g8 af f
b _ 2 2, - ZJ ~ 1D _
Trmin OF  37minT OF * r2. 72 OF A7) or te 0y (7, 7)e” 8y +@ 7L (7)
(C.3)
Multiplying across by rmin/Vo, we obtain
8f 2 8f 1 8 3f Tmine_gg a PO f Tme T'min
- ~ D g2
oF 37 8y+rmmV0r oF [r ri(r )87“1—’_ Vo 0Oy (5,7)e 0y + Vo VOTL(f)
(C4)

We now approximate these derivatives by using a finite difference grid. In order to ensure
that the solutions are accurate, we adopt the following second order finite difference

approximations
Of _ —fivej +8fir1; = 8fiaj + firg; (C.5)
oF 12AF .
ﬁ _ —fij+2 + 8fij+1 — 8fij—1 + fij—2 o)
9y 12A7 .

0 1
o [7’ r(7 )85] = e [(fis1j = fivas)Fiyvabiirs/

+15(fi+1j - fz’j)fi2+1/2“i+1/2 - 15(fz’j - fi—lj)fg_yz/fiflﬂ
+(fic1y — fz‘—2j)7:z'2—3/2“i—3/2} (C.7)
0 30 1 i Ui
En [D(y’ re 8@} 12(Ag)? [(fij1 = fijs2) Dijiapae”9/2 +15( fijir — fij) Diji joe®1/2
—15(fi; — fij—1)Dijo1/2€"> + (fijo1 — fij—2)Dij_sjae”=22] (C.8)
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where the ith and jth indices refer to space and momentum respectively. Inserting each
of these approximations into equation (C.4) and rearranging, we obtain an equation of

the form
L Bi 0; O, (5 Vij
fij = == fiaj + —ficrj + —fisrj + — fivej + —fij2 + = fij 1
CYZ‘]' Oéij aij Ozij CYZ‘]‘ aij
Ezg \Ijl TminQ
+ aijfﬁl + aijfﬁz + Vo, (C.9)

where these spatial and momentum dependent quantities are defined as

_ 15 ~2 ~2
T o V(A /2 T )

157 pine 9

U 7 Tmin
* W(Dj+1/2€ya+1/z + Djo12e"712) + (C.10)

VoTLi

1 1

_ )
U= AT T T Ve (B (G11)
8 15 s .
bi = 12AF + 12Tmin‘/0fi2<Af)2Tifl/Qﬁi—l/Q + 12Tmmvofi2(Af)27’173/2&—3/2 (C.12)
8 15 , 1 .
%= ~Toar Y T (A 22 ¥ T i (C13)
1 1 s
O = AT T T2 Vo2 (AR /2 (G14)
1/) 2 Tminei?’gj D Fia/2 (C 15)
N airvyare-i —D;;_3/0€%~ _
TTB6RAY 12Vp(Ag)2 YT
i = T oA A —D;j_1/2€%~ —————— D 3/0€%~ :
i 367 A7 12Vo(Ag)2 Y 1/2 12V (Ag)2 Y 3/2
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This finite difference scheme is solved using the Gauss Seidel method, a scheme that is
commonly used to numerically solve steady-state differential equations. We begin with
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an initial guess of the distribution, namely Z%-. Then, we use the following equation to
calculate better estimates at each kth attempt semi-implicitly

+1 i rk+1 i pk+1 i i i rk+1 ij k41
k Ui Bi ok Oi i Oi i Vi Yij ke
+— +—Jivy S+

i s i—27 s i—1j s ij—2 s ij—1

iJ iJ i i 1) 1)
Zi' k \Iji k Q
+ # i1+ o Jigr2 T TCO (C.19)

i i i
We continue to evolve the distribution to more accurate solutions until a predefined
stopping criteria is obtained.
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